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Abstract. We give an explicit formula to compute the rotation number
of a nullhomologous Legendrian knot in contact (1/n)-surgery diagrams along
Legendrian links and obtain a corresponding result for the self-linking number
of transverse knots. Moreover, we extend the formula by Ding–Geiges–Stipsicz
for computing the d3-invariant to (1/n)-surgeries.
1. Introduction
A lot of the geometry of a 3-dimensional contact manifold is encoded in
its Legendrian knots, i.e. smooth knots tangent to the contact structure, and
in its transverse knots, i.e. smooth knots transverse to the contact structure.
Therefore a main topic in 3-dimensional contact geometry is the study of
these knots. In particular, it is a challenge to distinguish knots within these
classes. For nullhomologous knots this is mostly done by the so-called classical
invariants, the Thurston–Bennequin invariant and the rotation number for
Legendrian knots and the self-linking number for transverse knots. In the
unique tight contact structure of the 3-sphere there are easy formulas to
compute the classical invariants from a front projection of the knot. For this
and other basic notions in contact geometry we refer the reader to [9].
A natural extension is to consider Legendrian or transverse knots in
contact surgery diagrams along Legendrian links and to compute their classical
invariants in the surgered manifold. Starting with the work of Lisca, Ozsva´th,
Stipsicz and Szabo´ [14, Lemma 6.6] several results were obtained in that
setting by Geiges and Onaran [10, Lemma 2], Conway [3, Lemma 6.4] and
Kegel [13, Section 8].
In Theorem 2.2 we combine the results mentioned above to obtain a
condition when a Legendrian knot is nullhomologous in the surgered man-
ifold and give a formula computing its rotation number. In Section 3 we
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2 S. DURST and M. KEGEL
explain how to represent a transverse knot in a contact surgery diagram along
Legendrian knots and then compute its self-linking number in the surgered
contact manifold. Finally, in Section 4 we extend these results to rationally
nullhomologous knots. On the way we present plenty of examples on how to
use these formulas.
A further closely related topic is the computation of the d3-invariant of
the resulting contact structure in a surgery diagram. By translating contact
(1/n)-surgeries into (±1)-surgeries, we generalise the formula by Ding–Geiges–
Stipsicz [6] in Section 5.
2. The rotation number in surgery diagrams
Let L = L1 unionsq . . . unionsq Lk ⊂ S3 be an oriented link in S3 and let M = S3L(r)
be the manifold obtained by surgery along L with coefficients pi/qi (for basic
notions of Dehn surgery see [16]). We denote the corresponding surgery slopes
ri = piµi + qiλi ∈ H1(∂νLi), where µi is represented by a positive meridian
of Li and λi is the Seifert longitude of Li. If no coefficient group is specified,
homology groups are understood to be over the integers. Let L0 ⊂ S3 \ L be
an oriented knot in the complement of L.
Define lij := lk(Li, Lj) and let l be the vector with components li = l0i
and Q the generalised linking matrix:
Q =

p1 q2l12 · · · qnl1k
q1l21 p2
...
. . .
q1lk1 pk
 .
The knot L0 is nullhomologous in M if and only if there is an integral solution
a of the equation l = Qa (see [13]).
Definition 2.1. Let K ⊂ (M, ξ) be a nullhomologous oriented Legendrian
knot and Σ a Seifert surface for K. The rotation number of K with respect
to the Seifert surface Σ is equal to
rot(K,Σ) = 〈e(ξ,K), [Σ]〉 = PD(e(ξ,K)) • [Σ],
where e(ξ,K) is the relative Euler class of the contact structure ξ relative to
the trivialisation given by a positive tangent vector field along the knot K,
and [Σ] the relative homology class represented by the surface Σ.
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This definition of the rotation number is useful for calculations (see also
[15]). For an alternative equivalent definition see [9]. Clearly, the rotation
number does only depend on the class of the chosen Seifert surface, not on
the particular choice of surface itself. Note also that the rotation number is
independent of the class of the Seifert surface if the Euler class e(ξ) of the
contact structure vanishes (see Proposition 3.5.15 in [9]).
Theorem 2.2. Let L = L1 unionsq . . . unionsq Lk be an oriented Legendrian link in
(S3, ξst) and L0 an oriented Legendrian knot in its complement. Let (M, ξ) be
the contact manifold obtained from S3 by contact (1/ni)-surgeries (ni ∈ Z)
along L. Then L0 is nullhomologous in M if and only if there is an integral
vector a solving l = Qa as above, in which case its rotation number in (M, ξ)
with respect to a special Seifert class Σ̂ constructed in the proof is equal to
rotM(L0, Σ̂) = rotS3(L0)−
k∑
i=1
aini rotS3(Li).
The proof proceeds in two steps. First, following [3], we construct the
class of a Seifert surface for L0 in M . We then use the description of the
rotation number in terms of relative Euler classes to compute rot.
Remark 2.3.
1. Notice that the matrix Q is formed using the topological surgery co-
efficients pi/qi, not the contact surgery coefficients. The topological
surgery coefficient equals the sum of the contact surgery coefficient and
the Thurston–Bennequin invariant of the surgery knot. Therefore, we
always have qi = ni.
2. Observe that for any contact surgery coefficient r 6= 0 there exists a
tight contact structure on the glued in solid torus compatible with the
surgery. This tight contact structure on the solid torus is unique if and
only if the surgery coefficient is of the form 1/n for n ∈ Z. Therefore,
contact (1/n)-surgery is well-defined (see [5, Proposition 7]).
For a general contact r-surgery, there is an algorithm transforming
the surgery into contact (1/n)-surgeries. The procedure is not unique,
however, the algorithm provides all possible choices of contact structures
that are tight on the surgery torus (cf. [4, 6]). In contrast to the
Thurston–Bennequin invariant, the rotation number in the surgered
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manifold does indeed depend on the choice of contact structure on the
surgery tori, cf. Example 2.6.
3. In [4] it is shown that one can get any contact 3-manifold by a sequence
of contact (1/n)-surgeries starting from the standard tight 3-sphere.
Moreover, it is easy to show that any Legendrian knot in the result-
ing contact manifold can be represented by a Legendrian knot in the
complement of the surgery link.
Proof. Assume that L0 is nullhomologous in M and fix Seifert surfaces
Σ0, . . . ,Σk for L0, . . . , Lk in S
3, such that intersections of surfaces and link
components are transverse. Our aim is to use these surfaces to construct
the class of a Seifert surface for L0 in the surgered manifold M . By abuse
of notation, we will identify Σi with its class in H2(S
3 \ νLi, ∂νLi) and will
denote the class in H2(S
3 \ (L0unionsqνL), ∂L0unionsq∂νL) induced by restriction again
by Σi.
The idea is to construct a class of the form
Σ = Σ0 +
k∑
i=1
kiΣi
such that its image under the boundary homomorphism ∂ in the long exact
sequence of the pair (S3 \ (L0 unionsq νL), ∂L0 unionsq ∂νL) is a linear combination of
the surgery slopes ri and a longitude of L0, i.e. we want
∂Σ = tµ0 + λ0 +
k∑
i=1
miri = tµ0 + λ0 +
k∑
i=1
mi(piµi + qiλi).
So our aim is to solve this equation for k and mi. We will first describe the
boundary homomorphism ∂ in more detail and then compare coefficients.
The surgery slopes ri bound discs in the surgered manifold M , so Σ can be
extended to give rise to a class in H2(M \ νL0, ∂νL0), which we denote by Σ̂.
Geometrically, the boundary homomorphism sends Σ to its intersection with
the boundary of the link complement. So we have:
∂ : Σj 7−→ λj −
∑
i 6=j
lijµi,
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and thus
∂ : Σ 7−→
k∑
i=0
kiλi −
k∑
j=0
∑
i 6=j
kjlijµi
=−
k∑
j=1
kjl0jµ0 + λ0 +
k∑
i=1
kiλi −
k∑
i=1
l0iµi −
k∑
i=1
∑
j 6=i
kjlijµi,
where we set k0 = 1. Note that the minus sign stems from the induced
boundary orientation of Σ (see Figure 1). Setting ki = −aiqi and using that
L is nullhomologous, we obtain
∂ : Σj 7−→
k∑
j=1
ajqjl0jµ0 + λ0 −
k∑
i=1
aiqiλi −
k∑
i=1
l0iµi +
k∑
i=1
∑
j 6=i
ajqjlijµi
=
k∑
j=1
ajqjljµ0 + λ0 −
k∑
i=1
aiqiλi −
k∑
i=1
liµi +
k∑
i=1
∑
j 6=i
ajQijµi
=
k∑
j=1
ajqjljµ0 + λ0 −
k∑
i=1
aiqiλi −
k∑
i=1
liµi +
k∑
i=1
(li − aipi)µi
=
k∑
j=1
ajqjljµ0 + λ0 −
k∑
i=1
aiqiλi −
k∑
i=1
(aipi)µi,
which is of the desired form with mi = −ai and t =
∑k
j=1 ajqjlj.
Remark 2.4. Observe that we can also directly obtain an embedded
surface representing the capped-off class Σ̂ by resolving self-intersections in
Σ. In particular, t is the negative change of the Thurston–Bennequin number
of L0 in the surgery (cf. [3], [13]), i.e. we get
tbM(L0) = tbS3(L0)−
k∑
j=1
ajnjlj.
Now consider L and L0 to be Legendrian in (S
3, ξst) and the surgeries to
be contact ( 1
n
)-surgeries. We claim that the rotation number of L0 in the
surgered contact manifold (M, ξ) with respect to Σ̂ is equal to
rotM(L0, Σ̂) = rotS3(L0)−
k∑
i=1
aini rotS3(Li).
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Li
Lj
µj
Σi
−µj
2
1
Figure 1: Orientation of the meridian induced by the intersection
In complete analogy to [14], [10] and [3] we have the following lemma.
Lemma 2.5. The homomorphism H1(S
3 \ (L0unionsqL))→ H1(M \L0) induced
by inclusion maps PD(e(ξst, L0 unionsq L)) to PD(e(ξ, L0)).
The proof is completely analogous to the ones in [14, 10], where one uses
the Legendrian rulings of the surgery tori induced by ( 1
n
)-surgery instead of
(±1)-surgery.
We thus have (cf. [3])
rotM(L0, Σ̂) = PD
(
e(ξ, L0)
) • Σ̂
= PD
(
e(ξst, L0 unionsq L)
) • Σ
=
(
k∑
i=0
rotS3(Li)µi
)
• Σ
=
(
k∑
i=0
rotS3(Li)µi
)
•
(
Σ0 +
k∑
j=1
(−ajnj)Σj
)
= rotS3(L0)−
k∑
i=1
aini rotS3(Li),
which proves the theorem.
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If the contact surgeries are not unique, i.e. for contact surgery coefficients
not of the form 1/n (see Remark 2.3), the rotation number is – in contrast to
the Thurston–Bennequin invariant – not independent of the chosen contact
structures on the solid tori, as the following example illustrates.
L
L0
−3
4
Figure 2: Non-unique contact surgery yielding a homology sphere
Example 2.6. Consider the diagram depicted in Figure 2, where L is a
Legendrian trefoil with contact surgery coefficient 3/4 and L0 a Legendrian
unknot in its complement. We have tb(L) = 1, so the topological surgery
coefficient is 1
4
. Thus, the surgered manifold M is a homology sphere and
the rotation number of L0 independent of the choice of Seifert surface. The
contact surgery coefficient −3
4
has a continued fraction expansion 1− 2− 1−4 ,
which means that there are three distinct tight contact structures on the solid
torus compatible with the surgery resulting in the contact manifolds which
are shown in Figure 3 (see [6]). Topologically, these are the same, i.e. for all
three diagrams we have
Q =
(
0 1
1 −2
)
and l =
(
1
1
)
,
and hence a = (3, 1). Furthermore, we have rotS3(L0) = 0, rotS3(L1) = 0 and
rotS3(L2) ∈ {−2, 0, 2}. This yields
rotM(L0) = rotS3(L0)− 3 rotS3(L1)− rotS3(L2) ∈ {−2, 0, 2},
depending on the chosen contact structure and orientations.
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L1
L0
L2
−1
−1
L1
L0
L2
−1
−1
L1
L0
L2
−1
−1
Figure 3: Three unique contact surgeries corresponding to Figure 2
Example 2.7. We consider the case of L a one component link with contact
surgery coefficient ± 1
n
, so the topological surgery coefficient is (n tb(L)±1)
n
. We
then have Q = p = n tb(L) ± 1 and L0 is nullhomologous in the surgered
manifold if and only the linking number of L0 and L is divisible by n tb(L)±1,
in which case a is the quotient lk(L0,L)
n tb(L)±1 . Then the rotation number of L0 in
the surgered manifold is
rotM(L0, Σ̂) = rotS3(L0)− n lk(L0, L)
n tb(L)± 1 rotS3(L),
and its Thurston–Bennequin invariant is
tbM(L0) = tbS3(L0)− n lk
2(L0, L)
n tb(L)± 1 .
Observe that if n tb(L)±1 is non-zero, the knot L0 is rationally nullhomologous.
Then the computed numbers represent the rational invariants (cf. Section 4).
Example 2.8. Figure 4 shows a stabilisation of a knot L0. Topologically,
the surgery along the meridian L of L0 again yields S
3, and there are two
choices of tight contact structures on the solid torus compatible with the
surgery. Here, in both cases, the resulting S3 is tight. The topological
knot type L0 stays unchanged in M , but L0 is either stabilised positively
or negatively, depending on the particular choice of contact structure in the
surgery torus.
The topological data in the diagrams with a unique choice is
Q =
(
0 −1
−1 3
)
and l =
(
1
1
)
,
and hence a = (2,−1). So the Thurston–Bennequin invariant of L0 in M is
tbM(L0) = tbS3(L0)−
〈( 2
−1
)
,
(
1
1
)〉
= tbS3(L0)− 1
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in both cases. The rotation number of L1 vanishes in both cases, the rotation
number of L2 is either +1 or −1. We thus have
rotM(L0) = rotS3(L0)−
〈( 2
−1
)
,
(
0
±1
)〉
= rotS3(L0)∓ 1.
In fact, one can show that it is a stabilised copy of L0 (see [13, Section 10]).
L0
L
L0
L0 L0
L1
L2
L1
L2
∼=
∼=
+2
+1
−1
+1
−1
L0
Figure 4: Stabilisation via surgery
3. The self-linking number of transverse knots
Let T be an oriented nullhomologous transverse knot in a contact manifold
(M, ξ) and let Σ be a Seifert surface for T . The self-linking number sl(T,Σ)
of T is defined as the linking number of T and T ′ where T ′ is obtained by
pushing T in the direction of a non-vanishing section of ξ|Σ.
Remark 3.1. We consider transverse knots with arbitrary orientations. If
the given orientation coincides with the orientation induced by the contact
planes, we call the knot positively transverse, and else negatively transverse.
The self-linking number of a transverse knot is independent of its orientation
and does only depend on the homology class of the chosen Seifert surface
(cf. Section 3.5.2 in [9]).
Corollary 3.2. Let L = L1 unionsq . . . unionsq Lk be an oriented Legendrian link in
(S3, ξst) and T0 an oriented transverse knot in its complement. Let (M, ξ) be
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the contact manifold obtained from S3 by contact (1/ni)-surgeries (ni ∈ Z)
along L. Then T0 is nullhomologous in M if and only if there is an integral
vector a solving l = Qa as above, in which case its self-linking number in
(M, ξ) (with respect to the special Seifert class Σ̂ as before) is equal to
slM(T0, Σ̂) = slS3(T0)−
k∑
i=1
aini
(
li ∓ rotS3(Li)
)
,
where the sign is − when T0 is positively transverse and + when T0 is negatively
transverse.
Remark 3.3. An oriented transverse knot T is either positively or nega-
tively transverse. If we pick a Legendrian knot L such that T is a transverse
push-off, we orient L accordingly. Then the class of an oriented Seifert surface
of T is also the class of an oriented Seifert surface of L and vice-versa. With
these orientations, T is a positive (negative) push-off of L if T is positively
(negatively) transverse. In particular, the topological data used in the formula
in Corollary 3.2 coincides for the two knots.
Proof. Any transverse knot is a transverse push-off of a Legendrian knot
(cf. the paragraph before Theorem 2.23 in [8]), so it is enough to consider
those. Now for L±0 the positive or negative push-off of the Legendrian knot
L0 and Σ a Seifert surface we have
sl(L±0 , [Σ]) = tb(L0)∓ rot(L0, [Σ])
in any contact manifold (see Proposition 3.5.36 in [9]). Hence,
slM(L
±
0 , Σ̂) = tbM(L0)∓ rotM(L0, Σ̂)
=
(
tbS3(L0)−
k∑
j=1
ajnjlj
)
∓
(
rotS3(L0)−
k∑
i=1
aini rotS3(Li)
)
= slS3(L0)−
k∑
i=1
aini
(
li ∓ rotS3(Li)
)
.
Remark 3.4. A front-projection that contains Legendrian as well as
transverse knots has four possible types of crossings between a Legendrian
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and a transverse knot (see Figure 5). Depending on whether the transverse
knot is positively or negatively transverse, two of the four types of crossings
have a unique crossing behaviour determined by the contact condition, in the
other cases both possibilities can occur.
? ?
L L L L
LL
T T T T
TT
(1) (2) (3) (4)
L LT T
? ?+
−
Figure 5: Crossings between Legendrian and transverse knots. The transverse
knots in the middle row are positive, the ones in the bottom row negative.
Example 3.5. 1. The left diagram in Figure 6 shows a positive trans-
verse knot T0 in an overtwisted 3-sphere M . We have l = −1, Q = p =
−1 and thus a = 1. The rotation number of L is 1, so we have
slM(T0) = slS3(T0)− a1q1(l1 − rotS3(L)) = −1− (−1− 1) = 1.
Therefore, T0 violates the Bennequin-inequality in M , i.e. the contact
structure is indeed overtwisted.
Alternatively, we can consider a Legendrian unknot L0 such that T0 is
its positive push-off, as shown on the right in Figure 6. Its Thurston–
Bennequin invariant in M is equal to −1+1 = 0 and its rotation number
is 0− 1 = −1, i.e. it bounds an overtwisted disc.
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L
+1
T0
L
+1
L0
Figure 6: Computing the self-linking number
2. We can also consider T0 as a negative transverse knot by reversing its
orientation. Then l = 1, Q = p = −1 and a = −1, so
slM(T0) = slS3(T0)− a1q1
(
l1 − rotS3(L)
)
= −1− (1 + 1) = 1,
as expected, since the self-linking number is independent of the chosen
orientation. We can again consider the corresponding Legendrian knot,
which then has vanishing Thurston–Bennequin invariant and rotation
number 1. As T0 is now its negative push-off, we also get
slM(T0) = tbM + rotM = 1.
4. Rationally nullhomologous knots
The study of rationally nullhomologous knots in contact 3-manifolds has
been proposed in Baker-Grigsby [2], Baker-Etnyre [1] and Geiges-Onaran [10].
In this section we generalise Theorem 2.2 to rationally nullhomologous Legen-
drian knots and Corollary 3.2 to rationally nullhomologous transverse knots.
Let K be a knot in M . We call K rationally nullhomologous if its homology
class is of finite order d > 0 in H1(M), i.e. it vanishes in H1(M ;Q). Let νK
be a tubular neighbourhood of K and denote the meridian by µ ⊂ ∂νK.
Definition 4.1. A Seifert framing of an oriented rationally nullhomolo-
gous knot K of order d is a class r ∈ H1(∂νK) such that
• µ • r = d,
• r = 0 in H1(M \ νK).
COMPUTING ROTATION AND SELF-LINKING NUMBERS 13
A rational Seifert surface for an oriented rationally nullhomologous knot K is
a surface with boundary in the complement of K whose boundary represents a
Seifert framing of K.
It is obvious that every rationally nullhomologous knot has a Seifert
framing. Moreover, the Seifert framing is unique (see [7]).
Definition 4.2. The rational rotation number of an oriented rationally
nullhomologous Legendrian knot K of order d with respect to the rational
Seifert surface Σ is equal to
rotQ(K,Σ) =
1
d
〈e(ξ,K), [Σ]〉 = 1
d
PD(e(ξ,K)) • [Σ],
where e(ξ,K) is the relative Euler class of the contact structure ξ relative to
the knot K and [Σ] the relative homology class represented by the surface Σ
and the intersection is taken in H1(∂νK).
Let L0 ⊂ S3 \ L be an oriented knot in the complement of an oriented
surgery link L. Using the notation from Section 2, we see that L0 is rationally
nullhomologous of order d in M = S3L(r) if and only if there is an integral
solution a of the equation dl = Qa and d is the minimal natural number for
which a solution exists (see [13]).
Now assume that L and L0 are Legendrian and L0 is rationally nullho-
mologous of order d in M and fix Seifert surfaces Σ0, . . . ,Σk for L0, . . . , Lk in
S3 such that intersections of surfaces and link components are transverse, as
in the nullhomologous case. Again following [3], we want to construct a class
of the form
Σ = dΣ0 +
k∑
i=1
kiΣi
such that its image under the boundary homomorphism ∂ in the long exact
sequence of the pair (S3 \ (L0 unionsq νL), ∂L0 unionsq ∂νL) is a linear combination of
the surgery slopes ri and a rational longitude of L0. Setting ki = −aiqi, we
14 S. DURST and M. KEGEL
obtain
∂ : Σj 7−→
k∑
j=1
dajqjl0jµ0 + dλ0 −
k∑
i=1
aiqiλi −
k∑
i=1
dl0iµi +
k∑
i=1
∑
j 6=i
ajqjlijµi
=
k∑
j=1
dajqjljµ0 + dλ0 −
k∑
i=1
aiqiλi −
k∑
i=1
dliµi +
k∑
i=1
(dli − aipi)µi
=
k∑
j=1
dajqjljµ0 + dλ0 −
k∑
i=1
aiqiλi −
k∑
i=1
(aipi)µi.
In complete analogy to the the nullhomologous case we then have
rotQ,M(L0, Σ̂) =
1
d
PD
(
e(ξ, L0)
) • Σ̂
= rotS3(L0)− 1
d
k∑
i=1
aini rotS3(Li).
Thus, Theorem 2.2 generalises as follows.
Theorem 4.3. In the situation of Theorem 2.2 the knot L0 is rationally
nullhomologous of order d in M if and only if there is an integral vector
a solving dl = Qa as above with d the minimal natural number for which
a solution exists, in which case its rational rotation number in (M, ξ) with
respect to a special (rational) Seifert class Σ̂ is equal to
rotQ,M(L0, Σ̂) = rotS3(L0)− 1
d
k∑
i=1
aini rotS3(Li).
The definition of the self-linking number of a transverse knot generalises to
the setting of rationally nullhomologous knots by choosing a rational Seifert
surface. Furthermore, the rational invariants of a Legendrian and the rational
self-linking of a transverse push-off are, as in the nullhomologous case, related
by
slQ(L
±
0 , [Σ]) = tbQ(L0)∓ rotQ(L0, [Σ])
(see Lemma 1.2 in [1]). Hence, we have the following corollary.
Corollary 4.4. In the situation of Corollary 3.2 the knot T0 is rationally
nullhomologous of order d in M if and only if there is an integral vector a
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solving dl = Qa as above, in which case its rational self-linking number in
(M, ξ) with respect to a special (rational) Seifert class Σ̂ is equal to
slQ,M(T0, Σ̂) = slS3(T0)− 1
d
k∑
i=1
aini(li ∓ rotS3(Li)).
Remark 4.5. Observe that the formulas for rationally nullhomologous
knots coincide with the ones for nullhomologous knots presented in previous
sections if one allows rational coefficients.
5. The d3-invariant in surgery diagrams
The so-called d3-invariant is a homotopical invariant of a tangential 2-
plane field on a 3-manifold, which is defined if the Euler class (or first
Chern class) of the 2-plane field is torsion, see [12, Definition 11.3.3]. Many
contact structures can be distinguished by computing the d3-invariants of
the underlying topological 2-plane fields. In [6, Corollary 3.6] Ding, Geiges
and Stipsicz present a formula to compute first the Euler class and then the
d3-invariant of a contact structure given by a (±1)-contact surgery diagram
building up on the work of Gompf [11]. Both invariants are closely related to
the rotation number of the surgery links.
By expressing an arbitrary (1/n)-contact surgery diagram as a (±1)-
contact surgery diagram and then using the result of Ding–Geiges–Stipsicz
we obtain a similar result for arbitrary (1/n)-contact surgery diagrams, which
often simplifies computations a lot.
First we recall some results from [6]: For L = L1 unionsq . . . unionsq Lk an oriented
Legendrian link in (S3, ξst) and (M, ξ) the contact manifold obtained from
S3 by contact (±1)-surgeries along L, the Poicare´-dual of the Euler class is
given by
PD
(
e(ξ)
)
=
k∑
i=1
roti µi ∈ H1(M).
The meridians µi generate the first homology H1(M) and the relations are
given by Qµ = 0. Observe that he generalized linking matrix Q coincides
with the ordinary linking matrix, since we only have integer surgeries here.
Then e(ξ) is torsion if and only if there exists a rational solution b ∈ Qk of
Qb = rot. If this is the case, then the d3-invariant computes as
d3 =
1
4
(〈b, rot〉 − 3σ(Q)− 2k)− 1
2
+ q,
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where σ(Q) denotes the signature of Q (i.e. the number of positive eigenvalues
minus the number of negative ones) and q is the number of Legendrian knots
in L with (+1)-contact surgery coefficient.
With the help of these results we can now state and prove a corresponding
theorem for arbitrary (1/n)-contact surgeries.
Theorem 5.1. Let L = L1 unionsq . . . unionsq Lk be an oriented Legendrian link in
(S3, ξst) and denote by (M, ξ) the contact manifold obtained from S
3 by contact
(±1/ni)-surgeries along L (ni ∈ N).
1. The Poicare´-dual of the Euler class is given by
PD
(
e(ξ)
)
=
k∑
i=1
ni roti µi ∈ H1(M).
The first homology group H1(M) of M is generated by the meridians µi
and the relations are given by the generalized linking matrix Qµ = 0.
2. The Euler class e(ξ) is torsion if and only if there exists a rational
solution b ∈ Qk of Qb = rot. In this case, the d3-invariant computes
as
d3 =
1
4
(
k∑
i=1
nibi roti +(3− ni) signi
)
− 3
4
σ(Q)− 1
2
,
where signi denotes the sign of the contact surgery coefficient of Li.
Remark 5.2. In the proof we will show that all eigenvalues of Q are
real. Therefore, it makes sense to speak of the signature, even if Q is not
symmetric.
Proof. The replacement lemma of Ding and Geiges [5, Proposition 8]
states that a contact (±1/n)-surgery along a Legendrian knot L is equivalent
to n contact (±1)-surgeries along Legendrian push-offs of L. Using this, we
translate the contact (±1/ni)-surgeries along L in contact (±1)-surgeries
along a new Legendrian link L′ and compute the invariants there.
Denote by Lji (j = 1, . . . , ni) the Legendrian push-offs of Li in the new
Legendrian link L′. Write µi for the meridian of Li (i = 1, . . . , k) and µ
j
i for
the meridian of Lji (i = 1, . . . , k, j = 1, . . . , ni). We now have two surgery
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descriptions of the manifold M – one in terms of L and one in terms of L′ –
and hence two presentations its first homology:
H1(M) =〈µi|Qµ = 0〉 for the surgery presentation along L,
H1(M) =〈µji |Q′µ′ = 0〉 for the surgery presentation along L′.
An isomorphism between these two presentations is given by µji 7→ µi for all
i, j, and hence, as rotji = roti,
PD
(
e(ξ)
)
=
k∑
i=1
nj∑
j=1
rotji µ
j
i 7−→
k∑
i=1
ni roti µi.
The numbers k and q compute easily as
k =
k∑
i=1
ni, q =
k∑
i=1
1
2
(1 + signi)ni.
For reasons of readability we will assume k = 3 in the following. The general
case works exactly the same. Write 1n for the vector (1, . . . , 1)
T ∈ Qn.
Let b ∈ Q3 a solution of Qb = rot, i.e
Qb =
±1 + n1 tb1 n2l12 n3l13n1l12 ±1 + n2 tb2 n3l23
n1l13 n2l23 ±1 + n3 tb3
b1b2
b3
 =
rot1rot2
rot3
 = rot
Then for b′ := (b1, . . . , b1, b2, . . . , b2, b3, . . . , b3)T ∈ Qn1+n2+n3 we have
Q′b′ =
±En1 + tb1 1n11Tn1 l121n11Tn2 l131n21Tn3l121n21Tn1 ±En1 + tb2 1n21Tn2 l231n21Tn3
l131n31
T
n1
l231n21
T
n3
±En3 + tb3 1n31Tn3
b′
=
rot1 1n1rot2 1n2
rot3 1n3
 = rot′
(conversely, every solution of Q′b′ = rot′ is of this form and thus yields a
solution of Qb = rot). And therefore,
〈b′, rot′〉 =
3∑
i=1
nibi roti .
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It remains to compute the signature σ(Q′) out of σ(Q). Let λ be an
eigenvalue of Q with eigenvector v. Similar as above, one computes
Q′v′ = λv′.
for v′ := (v1, . . . , v1, v2, . . . , v2, v3, . . . , v3)T ∈ Qn1+n2+n3 . Thus, every eigen-
value of Q is also an eigenvalue of Q′. In particular, all eigenvalues of Q are real.
Now we only have to find the other
∑3
i=1(ni − 1) eigenvectors of Q′. To that
end, consider the vector v1 ∈ 1⊥n1 and write v′i := (v1, 0, . . . , 0, 0, . . . , 0)T ∈
Qn1+n2+n3 . Then, as before, one computes
Q′v′1 = signi v
′
1,
and therefore
σ(Q′) = σ(Q) +
k∑
i=1
(ni − 1) signi .
Example 5.3. Consider a contact (1/n)-surgery (n ∈ Z) along a Legen-
drian unknot with tb = −1 and rot = 0. Then the Euler class is zero because
the rotation number vanishes. Hence, the d3-invariant is defined. For n = 1,
the signature of Q vanishes. If n 6= 1, the signature of Q equals −1. Thus we
have
d3 =

n
4
− 1
2
, n < 1
0, n = 1
1− n
4
, n > 1
.
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